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Endogenous Growth and Cross-Country Income Differences 


A multicountry Schurnpeterian growth model is constructed. Because of technology 
transfer, R&D-pe$orming countries converge to parallel growth paths; other 
countries stagnate. A parameter change that would have raised a counlry's growth 
rate in standard Schumpeterian theory will permanently raise its productivity and 
per capita income relative to other countries and raise the world growth rate. 
Transitional dynamics are analyzed for each country and for the world economy. 
Steady-state income differences obey the same equation as in neoclassical theory, 
but since R&D is positively correlated with investment rates, capital accumulation 
accounts for less than estimated by neoclassical theory. (JEL E10, 040) 

Cross-country evidence on income differ-
ences has been used in recent years to cast doubt 
on endogenous growth theory. N. Gregory 
Mankiw et al. (1992) argue that the neoclassical 
Solow-Swan growth model with exogenous 
technological progress and diminishing returns 
to capital explains most of the cross-country 
variation in output per person. Paul Evans 
(1996) shows that the dispersion of per capita 
income across advanced countries has exhibited 
no tendency to rise over the postwar era, as 
would be predicted by some endogenous 
growth models; instead, these countries have 
been converging1 to parallel growth paths of the 
sort implied by the Solow-Swan model with a 
common world technology. Similarly, it is often 
argued that the evidence of conditional con-
vergence coming from cross-country growth re- 
gressions (see Robert J. Barro and Xavier Sala- 
i-Martin, 1995) is consistent with neoclassical 
theory but not with endogenous growth theory. 

:Wepartment of Economics, 410 Arps Hall, Ohio State 
University, 1945 North High Street, Columbus, OH 43210, 
This paper originated in work with Philippe Aghion, the 
results of which are contained in our recent book (Aghion 
and Howitt, 1998). I have benefitted from comments by 
fellow members of the Economic Growth and Policy Pro- 
gram of the Canadian Institute for Advanced Research, 
seminar participants at Ohio State University, Wolfgang 
Keller, and two referees. Jo Ducey and Young-Kyu Moh 
provided valuable assistance. 

Since Evans's work is restricted to OECD countries, it 
leaves open the possibility of "club convergence." That is, 
convergence may take place only within a select group of 
nations, as argued by Stephen N. Durlauf and Paul A. 
Johnson (1995), Danny T. Quah (1996), and others. 

The present paper challenges the interpreta- 
tion that these arguments place on the facts, by 
arguing that the evidence is actually more sup- 
portive of the Schumpeterian version of endog- 
enous growth theory than of neoclassical 
theory. The paper constructs a multicountry en- 
dogenous growth model that combines elements 
of the Solow-Swan model and the creative de- 
struction model of Aghion and Howitt (1992). 
The model is consistent not only with the crit- 
ics' evidence but also with other evidence for 
which the Solow-Swan model cannot accounL2 

The reason why the Schumpeterian model 
can account for more than the neoclassical 
model is that per capita income varies across 
countries not onlv because of differences in 
capital stocks per worker but also because of 
differences in productivity. Empirical research 
by Daniel Trefler (1993, 1995), Robert E. Ilall 
and Jones (1999), and others shows that these 
productivity differences are substantial, even 
among advanced countries. The Schumpeterian 
approach offers an explanation for productivity 
differences, the of-
f e r ~none. 

TO account for convergence, the model 

Aghion and Howitt (1998 Ch. 12) argue that the 
Schumpeterian branch of endogetlous growth theory is also 
consistent with the evidence of Charles I. Jones (1995) on 
the falling productivity of R&D and with the growth-ac- 
counting exercises of Dale W. Jorgenson (1995) and Alwyn 
Young (1995) that report a relatively small contribution of 
productivity to economic growth. 

829 
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follows the lead of o the r shho  have argued that 
convergence takes place not only through di- 
minishing returns to capital but also through 
technology transfer. In the model presented be- 
low, countries are connected by R&D spillovers 
of the sort that David T. Coe and Elhanan 
Helpman (1995) and Eaton and Kostum (1996) 
estimate to be ~ubstantial .~ The model implies 
that all countries engaging in R&D will grow at 
the same rate in the long run. Convergence, 
however, is restricted to this select of 
countries. Those in which there is not a strong 
enough incentive to perform R&D will not grow 
at all in the long run. 

Unlike the neoclassical model, the Schumpe- 
terian model implies that even those countries 
that converge to a common positive growth rate 
will have different productivity levels. Long- 
run differences in productivity are endogenous 
and depend on the incentives to innovate and to 
accumulate capital. A parameter change that 
would raise a country's long-run growth rate if 
it operated in isolation from the rest of the world 
will raise its long-run relative productivity level 
in the multicountry model, and will have a 
(possibly small) positive effect on the long-run 
world growth rate.5 

Because the model is characterized by a stan- 
dard Cobb-Douglas aggregate production func- 
tion in each country, it implies the same 
"steady-state" equation that Mankiw, Komer, 
and Weil use to explain cross-country differ- 
ences in per capita income. However, it also 
implies that their identifying assumption that 

'For example, John F. Helliwell and Alan Chung 
(1991), Stephen L. Parente and Edward C. Prescott (1994), 
Jonathan Eaton and Samuel Kortum (1996), Barro and 
Sala-i-Martin (1997), and Susanto Basu and Weil (1998). 
What distinguishes the present analysis from these papers is 
that it presents an integrated analy5is of capital accurnula- 
tion and endogcnous innovation. 

"ut without the international trade in goods that Coe 
and Helpman argue is the vehicle for such transfers. Wolf- 
gang Keller (1999) shows that the spillovers depend not 
only on the size of trade and on the identities of a country's 
trading partners but also on the industrial pattern of trade 
flows.
'The analysis does not attempt to explain why countries 

have different investment rates or operate at different effi- 
ciency levels, as do V. V. Chari et al. (1997) and Hall and 
Jones (1999). Instead it takes each country's investment rate 
as given and assumes that all countries are equally efficient 
at using any given technology. 

productivity differences across countries are un- 
correlated with investment rates is generally 
invalid, and that this leads them to overestimate 
the impact of increased capital on a country's 
steady-state level of per capita income. Specif- 
ically, if R&D intensities are positively cosse- 
lated with steady-state capital stocks, as is the 
case in the Mankiw-Romer-Weil sample, then 
the Cobb-Douglas coefficient on capital, which 
would be capital's share of GDP in a general 
competitive equilibrium, is strictly less than the 
value estimated by their regression. 

This capital coefficient is a key variable in the 
debate over endogenous growth. Mankiw et al. 
(1992) argue that their finding of a coefficient 
less than unity refutes the AK version of endog- 
enous growth. But they have to augment the 
neoclassical model, by interpreting capital to 
include human as well as physical capital, to 
reconcile their coefficient estimate with direct 
measures of capital's share of GDP. The present 
paper shows that the Schumpeterian version of 
endogenous growth theory, instead of implying 
a coefficient of unity, is actually less in need of 
augmentation than neoclassical theory, since it 
implies that the coefficient is less than the value 
estimated under the maintained hypotheses of 
neoclassical theory 

Proponents of neoclassical theory argue fur- 
ther that the coefficient value estimated by 
Mankiw et al. (about 0.7) is consistent with 
estimated rates of convergence; the Solow-
Swan model with this coefficient value would 
imply a convergence rate approximately equal 
to the frequently estimated 2 percent per year. 
However, the Schumpeterian model below im- 
plies that neoclassical theory misspecifies the 
relationship between capital's coefficient and 
the rate of convergence. It implies that the two 
parameters will be negatively related to each 
other, as in neoclassical theory, but that, given 
any coefficient value, convergence will be 
slower than predicted by the neoclassical 
model. 

hi^ is because as an economy approaches its 
state its productivity be 

rising relative to the rest of the world, which 
will offset the growth-dampening effects of a 
diminishing marginal product of capital. N ~ ~ -  
classical theory, by neglecting endogenous 

in productivity, thus a 
that serves to attenuate the convergence 
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process. A calibration exercise below shows 
that a Zpercent convergence rate is consistent 
with a capital coefficient of no more than 0.6 
when the corresponding neoclassical model 
would imply a coefficient of 0.7. Thus the 
smaller coefficient that Schumpeterian theory 
infers from the Mankiw-Romer-Weil steady-
state regression is also consistent with existing 
estimates of convergence rates. 

The basic production relations underlying the 
model are spelled out in Section I. Section I1 
presents a brief account of endogenous innova- 
tions by profit-maximizing R&D firms, along 
the lines of Aghion and Howitt (1992).Section 
I11 describes the process of technology transfer, 
showing how it leads to convergence, and de- 
rives a pair of differential equations character- 
izing an economy taking as given the world rate 
of technological progress. One of these equa- 
tions is identical to the fundamental differential 
equation of the Solow-Swan model, except that 
the rate of labor-augmenting technological 
progress here is endogenous; the other equation 
describes the evolution of the economy's pro- 
ductivity level relative to the rest of the world. 
Section IV analyzes the economy's steady state 
and characterizes the determination of the coun- 
try's relative productivity and relative income 
per person. Section V analyzes transitional dy- 
namics and discusses "club convergence." Sec- 
tion VI considers the dynamic evolution of a 
global system of several different economies, 
each describable by the pair of differential equa- 
tions derived in Section 111, and shows how this 
system detennines the world rate of technolog- 
ical progress. Section VII uses the model to 
interpret empirical findings with respect to 
cross-country income differences. Section VIII 
concludes. 

I. Production Relations 

Consider a single country in a world econ- 
omy with m different countries. There is one 
final good, produced under perfect competition 
by labor and a continuum of intermediate prod- 
ucts, according to the production function 

where Y, is the country's gross output at date t ,  
L ,  is the flow of labor used in production, N, 
measures the number of different intermediate 
products produced and used in the country, x,(i) 
is the flow output of intennediate product i E 
[0, N,], A,( i )  is a productivity parameter at-
tached to the latest version of intermediate prod- 
uct i, and F( . )  is a smooth, concave, constant- 
returns production functuon. For simplicity 
attention is restricted to the Cobb-Douglas case: 

To focus on technology transfer as the main 
connection between countries, assume that there 
is no international trade in goods or factors. 
Each intermediate produc:t is specific to the 
country in which it is ust:d and produced, al- 
though, as we shall see, the idea for how to 
produce it generally originates in other coun- 
tries. 

Labor supply and population size are identi- 
cal. 'They grow exogenously at the fixed propor- 
tional rate g,. The number of products grows as 
a result of serendipitous imitation, not deliber- 
ate i n n ~ v a t i o n . ~  Imitation 1s limited to domestic 
intermediate products; thus each new product 
will have the same productivity parameter as a 
randomly chosen existing product within the 
country. Each person has the same propensity to 
imitate [ > 0. Thus the aggregate flow of new 
products is: 

Since the population growth rate g, is constant, 
the number of workers per product L,IN, con-
verges monotonically to the constant7: 

Howitt (1999) derives a closed-economy model with 
the same basic structure but in which the horizontal inno- 
vations creating new products are motivated by the same 
profit-seeking objectives as vertical quality-improving inno- 
vations.
'If there were no population growth, e would fall to 

zero. and the research-arbitrage zquation (7) would not yield 
a positive solution to the R&D intensity n,. In this case the 
count~y's growth rate would fall to zero, as discussed in 
Section V in connection with club convergence. 



Assunle that this convergence has already oi:-- 
curred, so that L, = lN,for all r .  

The form of the production function (1) en-
sures that growth in product variety does not 
affect aggregate productivity. This and the fact 
that population growth induces product prolif- 
eration guarantee that the model does not ex- 
hibit the sort of scale effect that Jones (1995) 
argues is contradicted by postwar trends in 
R&D spending and prod~ct iv i ty .~  That is, a 
bigger population will not by itself raise iiie 
incentive to innovate by raising the size of mar- 
Itet that can be captured by an innovator, be 
cause each innovation is restricted to a single 
intermediate product, and the number of buyers 
per intermediate product does not increase with 
the size of population." 

Final output can be used interchangeably as a 
consumption or capital good, or as an input to 
R&D. Each intennediate product is produced us- 
ing capital, according to the production function 

( 3 )  x !  ( i )  = K,( i ) IA,( i l 3  

where K,(i) is the input of capital in sector i. 
Division by A,(i) in (3)  indicates that successive 
vintages of the intennediate product ase produced 
by increasingly capital-intensive techniques. "' 

Innovations are targeted at specific intermediate 
products. Each innovation creates an improvetl 
version of the existing product, which allows the 
innovator to replace the incumbent monopolist 
until the next innovation in that sector." The 
incumbent monopolist of each product operates 

'The prediction that move populous areas will have 
proportionately more product v;iriety. all else equal, i!, com-
nion to all models of endogenout; procluct variety. Although 
this prediction accords with common ob\ervation (:,ec. for 
example. Wall. I991 p. 7), I know 01' no test of it 11sing 
cro\\-country datir on population and producl c l i~ers i~y.  

%n alternative explanation [or the lack of observed 
scale el'recta across countries \vonltl be that entrepreneurs in 
even small countries can sell their innovation?, in a global 
markel. This channel ha\ been r111ed out in the presenl 
analysis by the aaammption o l  no trad? in intermediate 
goods. Thus an innovation can be marketed only in the 
country or origin. 

"' Under the Cobb-Douglac technology ( 2 )  this ha\ no 
substantive implications. 

' ' No innovations nre done by illcurilbents bec;~use or the 
ATTOWor replacernent effect. (See Aghion and Howitt. 
1992). 

with a price schedule given by the marginal prod- 
uct: p,(i) = A,(i)a(x,(i)l4?)"' and a cost function 
equal to (I-, + G)A,(i)x,(i),where r ;  is the rate of 
interest and 6 is the fixed rate of depreciation. 

Since each intermediate firm's marginal rev-- 
enue and marginal cost schedules are propor- 
tional to A,(i) ,  and since firms differ only in 
their value of A, ( i ) ,  they all choose to supply 
thc same quantity of intermediate product: x-, = 
x , ( i )  for aii i .  Putting this common quantity into 
(3) - and assunring that the total demand for 
capital equals the given supply K,. yields 

where It, is the capital stock per 'kffective 
worlter" K,lA,L,, and A,  is the average produc- 
tivity parameter across all sector^.'^ 

Substituting from (4) into (3) and (2) shows 
that output per effective worker is given by a 
familiar Cobb-Douglas function of capital per 
effective worker: 

Substituting from (4) into the standard profit- 
maximization condition of each intermediate 
firm, and using the preceding definition of ,f(.); 
yields the equilibrium interest rate 

and show4 that each local monopolist will earn 
a Now of profit5 proportional to its productivity 
parameter A,( i ) ,  namely. 

== A, (i) .i?., (k,)P 

Innovations ~esu l t  from dome5tic R&D that 
use4 technological ltnowledge comlng fi om all 

' Fro111 ( 3 ) .  the clefinition of A ,  and the adcling-up con- 
dition K, = j'? A,(ii.c, d i  = iV,A,.r,. Equation (4) follows 
k o ~ n  this by the clelinitiona o r  lc, ancl 4. 
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over the world. That is, at any date there is a 
worldwide "leading-edge technology parameter" 

A y  = max{~~ , ( i ) I i  = 1, ... , m) ,E [O, N,,], j 

where the j subscript denotes a variable specific 
to country j .  Each innovation in sector i of a 
country at date t results in a new generation of 
that country's ith product, whose productivity 
parameter equalsL3 A?. 

The Poisson arrival rate 4, of innovations in 
each sector is 

where h is a parameter indicating the produc- 
tivity of R&D, and where n, is the productivity- 
adjusted quantity of final output devoted to 
R&D in each sector; i.e., R&D expenditure per 
intermediate product, divided by A y .  The di- 
vision by A:"" takes into account the force of 
increasing complexity; as technology advances, 
the resource cost of further advances increases 
proportionally. l 4  

Suppose that R&D expenditures are subsi-
dized at the proportional rate $ < 1. The sub- 
sidy rate $ is a proxy for all distortions and 
policies that impinge directly on the incentive to 
innovate. It can be negative, in which case the 
distortions and policies favoring innovation are 
outweighed by those discouraging it. 

The arbitrage condition governing the level 
of R&D is that the net marginal cost of R&D 
(1 - $) is equal to the marginal effect hlAFax of 
R&D on the arrival rate times the expected 
discounted value of the flow of profits that a 
successful innovator will earn. Hence the ana- 

"Thus when sector i innovates, the proportional in- 
crease inA,(i) will depend on how long it has been since the 
last innovation in sector i. The alternative assumption, used 
by Gene M. Grossman and Helpman (1991) and Aghion and 
Howitt (1992), to the effect that the proportional increase in 
A,(i) is a fixed constant, neglects the effect of spillovers 
coming from innovations in other sectors on the quality of 
an innovation. 

l4 Thus the model embodies the "diminishing opportu- 
nities" hypothesis of Kortum (1997). As explained in 
Howitt (1999), the model is also consistent with Kortum's 
observation of a declining rate of patenting per R&D sci- 
entistlengineer, because we may interpret the increase in 
scientists and engineers as an increase in the (human) cap- 
ital input to R&D. 

logue to the research-arbitrage equation of 
Aghion and Howitt (1992):15 

The discount rate applied in (7) is the rate of 
interest plus the rate of creative destruction An,; 
the latter is the instantaneous flow probability of 
being displaced by an innovation. 

Equations (L), ( 5 ) , and (7) can be solved for 
the country's R&D intensity n, at any date as a 
function of the capital intensity Itt  and the 
country-specific parameters'6: 

Assume provisionally that the resulting R&D 
intensity is positive. It can be written as 

A,, > 0, A* > 0. 

This relationship is invariant to the global pro- 
ductivity parameter A y ,  because both the cost 
and the reward to R&D are proportional to 
A y .  As explained in Howitt and Aghion 
(1998), an increase in the capital intensity k 
induces more R&D by raising the reward to 
innovation, which is proportional to aggregate 
output, and by reducing the interest rate used for 
discounting that reward. A faster rate of popu- 
lation growth g, induces more R&D through a 
"scale effect," by increasing the equilibrium 
number e of people per product. 

111. Productivity Growth and Capital 
Accumulation 

A country's average productivity parameter 
A, grows as a result of innovations, each of 

l5 This formulation assumes that the previous incumbent 
is unable to reenter once it stops producing. That is why a 
successful innovator can ignore potential competition from 
previous innovators in the same product. Howitt and 
Aghion (1998 Appendix) show that the alternative case in 
which the previous incumbent is free to reenter produces the 
same steady-state comparative statics results in a related 
closed-economy model. 

l 6  I assume all countries share the same depreciation rate 
8, production kernel f, and imitation rate 6. 
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which replaces the preexisting productivity pa- 
rameter A,(i) in a sector by the worldwide lead- 
ing-edge parameter Ay.The rate of increase in 
this average equals the flow rate of innovation 
An, times the average increase in A,(i) resulting 
from each innovation.17 Since innovations are 
uniformly distributed across all sectors, this 
means 

(8 )  A,  = An,(A:"" -- A,) .  

If the leading-edge parameter A? were to re- 
main unchanged, then according to (8) each 
country's average productivity level would con- 
verge to Am"", as long as An was positive. But 
if the leading edge is constantly increasing, then 
a country with a higher level of innovation will 
eventually have an average productivity level 
that is permanently closer to AyaX,because a 
larger fraction of its sectors will have experi- 
enced a recent innovation embodying the 
leading-edge technology. In short, more inno- 
vative econon~ies will be more productive be- 
cause their intermediate products are generally 
more up to date. 

More precisely, suppose that the world rate of 
technological progress at any given date t is 

If the ratio An,lg, is a positive constant, then the 
reasoning of Aghion and Howitt (1998pp. 115-
16) shows that the cross-sectional distribution 
of productivity parameters within the country 
will converge asymptotically to a power law 
distribution: 

@ , ( A )3 Fraction of sectors with { A ,(i) 5 A }  

Thus, as shown in Figure 1, a country with 
An = g will come to have a uniform distribu- 
tion of productivity parameters between 0 and 
A y ,  whereas one with a higher rate of inno- 

17 Imitations do not affect the evolution of the average 
A,, because they result in new sectors whose productivity 
parameters are drawn at random from the distribution of 
existing parameters in the country. 

Fraction of Sectors 

vation will have a convex distribution (with 
more sectors close to AinaX)and one with a 
lower rate of innovation will have a concave 
distribution (with more sectors close to 0).More 
generally. in the long run a country'r distribu- 
tion will stochastically dominate that of any 
other country with a lower innovation rate. 

Let LI,  -- A + I A yde~lote the country's aver- 
age productivity relative to the leading edge. It 
follows from (8) and the definition of g, that 

(9 )  ci, -; AA(k,; 8)(1- a , )  - a,g, 

Equation (9)  contains the mechanism through 
which technology transfer makes the country's 
productivity growth rate converge to the global 
growth rate. An increase in R&D will cause 
productivity growth to rise temporarily, but as 
the gap ( 1  - a,) narrows between its average 
productivity and the global leading-edge tech- 
nology, innovations will raise average produc- 
tivity by less and less, and this will slow down 
the growth rate of the average. Thus given any 
fixed R&B intensity n and any global growth 
rate g, the country's relative productivity n will 
converge lo the steady-state level Anl(g + An). 
Accordingly, alB countries' growth rates will 
converge to the same value but their average 
productivity levels will not; countries with a 
larger rate of innovation will also have perma- 
nently higher average productivity. 

Assume that the investment rate ( k+ 6M)lY 
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is a constant s. Since k = KIAL, it follows from 
(8) that 

Equation (10) is the usual differential equation 
of neoclassical growth theory, except that rate 
of technological progress on the right-hand side 
is now endogenous. Since this rate converges to 
the world rate g in the long run, the steady-state 
capital intensity will therefore be identical to 
that of neoclassical growth theory. 

The two differential equations (9) and (10) con- 
stitute a two-dimensional dynamic system governing 
the behavior of a country's relative productivity a, 
and capital stock per effective worker k,. Together 
with initial values a, and k,and the trajectory of 
world productivity growth { g,): they characterize 
completely the evolution of the economy. 

fV. Steady-State Analysis 

Suppose that the world growth rate g is con- 
stant. Consider an economy in a steady state, 
that is, with constant relative productivity a and 
constant capital per effective worker k .  Accord-
ing to (9) and (10) the steady state is defined by 
the two equations: 

These equations can be solved recursively. 
Equation (K) is the same equation that deter- 
mines k in neoclassical theory. Its solution can 
be substituted into (A) to solve for a .  

Assume that the steady-state rate of interest 
r = a2k" - - 6 is positive. Straightforward 
comparative statics techniques yield: 

PROPOSITION 1: A country's steady state 
relative productivity a depends positively on its 
investment rate s ,  the productivity of its R&D A, 
and its R&D subsidy rate JJ, and negatively on 
the world growth rate g.  

An increase in A would raise a by inducing a 
rise in R&D intensity, and also by making R&D 

' INCOME DIFFERENCES 

more productive; on both counts there would be 
a temporary rise in productivity growth above 
the world rate g, which would eventually be 
choked off as the country came closer to the 
global technology frontier. 'The result would be 
a permanent rise in the country's relative pro- 
ductivity. An increase in Ij, would affect relative 
productivity analogously. An increase in s or a 
decrease in g would raise the capital intensity k ,  
exactly as in neoclassical growth theory. This 
rise in k would induce more R&D, which again 
would result in an increase in the country's 
relative productivity. An increase in population 
growth would have an ambiguous effect on 
relative productivity because, although it would 
have a positive direct effect on the R&D func- 
tion n", it would also result in a lower capital 
intensity through the normal neoclassical mech- 
anism embodied in equation (K). 

According to Proposition 1, the determi- 
nants of an open economy's relative produc- 
tivity are precisely the same as the 
determinants of the growth rate of the analo- 
gous closed economy. For suppose we closed 
the model, as in the analysis of Howitt and 
Aghion (1998), by assuming that the technol- 
ogy parameter A:'"" embodied in each new 
innovation was the leading edge within that 
country instead of within the whole world, 
and that the growth rate of A?"" was propor- 
tional to the flow of innovations An, within 
the country. Then the growth rate in a steady 
state would be the solution to 

(CG) g = aAn"(k"(s, 8 ,  g ) ,  8 ) ,  

where a > 0 is a spillover coefficient and k"(s, 
8, g)  is the solution to the neoclassical steady- 
state equation (K). Comparison of (CG) with 
(A) shows that any parameter change that would 
raise a in the open economy would raise g in the 
closed economy, and vice versa. 

Let y, = Y,lLAjnaX = a,k: denote the coun- 
try's per capita income, relative to global pro- 
ductivity. Since anything that raises either the 
country's relative productivity a ,  or its capital 
stock per effective worker kt  will raise its rela- 
tive per capita income, we have": 

lSThere is no scale effect of the level of population on y .  
There might or might not be an effect of the rate of popu- 
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PROPOSITION 2: In a steady state, n coun-
try's relative per capita income y depends pos- 
itively on its investment rate s ,  tlze productivity 
of its R&D A, and its R&D subsidy rate @, and 
negatively on tlze world growtlz rate g .  

The model thus provides a more complete 
account of cross-country differences in per cap- 
ita income than does neoclassical growth the- 
ory. For these differences depend on differences 
in capital per effective worker and differences 
in productivity. The present Schumpeterian ap- 
proach offers an explanation for both sets of 
differences, whereas the neoclassical approach 
must take the latter as given. 

Although our assumption of an exogenous 
investment rate s affects the dynamics of con- 
vergence, it does not affect the analysis of 
steady states. For example, if we were to allow 
investment to be governed by Ramsey-style in- 
tertemporal utility maximization with a constant 
rate of time preference and an isoelastic instan- 
taneous utility function, the investment rate 
would still be constant in a steady state. Equa- 
tions (A) and (K) would still apply, and Prop- 
ositions 1 and 2 would still hold, with the 
effects of s being interpreted as the effects of 
corresponding changes in the parameters of the 
intertemporal utility function. 

Likewise, the assumption of no trade in final 
goods is not crucial for the steady-state analysis. 
If we were to allow international trade in (iden- 
tical) final goods, and assume perfect capital 
mobility, each country would now take as given 
not only the growth rate g but also the rate of 
interest r. To avoid all countries having the 
same investment rate we could take into account 
the factor stressed by Chari et al. (1997)- 
distortions to investment. Thus the capital in- 
tensity in each country would be k ( r ,  @,), the 
solution to the modified equilibrium condition 

where @, is the subsidy rate to capital. A slight 
modification of the analysis of Barro et al. 

lation growth gL, wl~ose effect on y is ambiguous in sign 
because its effect on the countly's relative productivity level 
is ambiguous in sign. 

FIGURE2. THE PHASE OF A COUNTRY'SPORTRAIT 
RELATIVE (a)AND CAPITAL PERPRODUCTIVITY STOCK 

EFFECTIVE (k)WORKER 

(1995) shows that equations (A) and (K) would 
still apply, with s now endogenous. Proposi- 
tions 1 and 2 would still hold, with the effect of 
an increase in s being replaced by the effect of 
a decrease in the world interest rate r or an 
increase in the capital subsidy rate 4,. 

V. Transitional Dynamics and "Club 

Convergence" 


Figure 2 represents the phase diagram of 
equations (9) and (10). It illustrates the non- 
steady-state dynamics of an economy that takes 
as given a constant world growth rate g. From 
any initial position the economy converges to 
its steady state along a noncyclic path that con- 
verges to the upward-sloping turnpike DD. 

Suppose a steady state were disturbed by an 
increase in the investment rate s. As shown in 
Figure 3(a), the k = 0 locus would shift up, and 
both variables would rise monotonically to the 
new steady state. The ultimate increase in cap- 
ital Der effective worker would be exactlv the 
same as in neoclassical growth theory, but the 
fact that relative productivity also rises means 
that the ultimate increase in relative per capita 
income would be strictly greater than in neo- 
classical theory. 

An increase in the productivity of R&D h 
or the R&D subsidy rate @ would shift both of 
the stationary loci to the right by the same 
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FIGURE3. REACTIONS IN THETO (a) AN INCREASE 
INVESTMENT IN R&DRATEAND (b) AN INCREASE 

PRODUCTIVITY RATEOR IN THE R&D SUBSIDY 

amount, as shown in Figure 3(b). Relative 
productivity would rise monotonically to its 
new equilibrium value, whereas the capital 
stock per effective worker would first fall and 
then rise back to its original value. In the end, 
the country's relative per capita income 
would have risen by the same proportional 
amount as its relative productivity. 

The present approach allows for the possibil- 
ity of "club convergence." We have until now 
assumed that the equilibrium level of R&D is 
positive, that is, that the solution ii to the 
research-arbitrage equation (7)-and hence the 
steady-state relative productivity a determined 
by (A)-is strictly positive. However, for low- 
enough values of the subsidy rate, the invest- 
ment rate, or the productivity of R&D, there 
will be no such solution when the capital inten- 
sity has adjusted to its steady-state value. To 

accommodate this, we now replace (7) by the 
more general Kuhn-Tucker condition: 

+(kt )[
1 - ~ J Z A -

rl + Anl ' 

n, 2 0, with at least one inequality. 

This generalization makes no difference to 
the analysis except for the interpretation of 
the steady state, which is still governed by 
equations (A) and (K), where R(.) is the so- 
lution to the generaliz,ed research--arbitrage 
equation. Countries for which n > 0 in the 
steady state have a > 0, and grow at the 
world rate g .  Countries for which rz = 0 in 
the steady state have a = 0 and do not 
grow at a11.I9 Thus the analysis contains not 
only an account of why convergence takes 
place between members of the club but also 
why some countries have not joined the 

club.20 

VI. Growth of the World Economy 

The growth rate g, of the world's leading- 
edge technology parameter AT"' is determined 
by a spillover process that constitutes part of the 
mechanism of technology transfer (the other 
part of which is the use of A?"" by innovators in 
every country). That is, the global technology 
frontier expands as a result of innovations ev- 
erywhere, which produce knowledge that feeds 
into K&D in other sectors and in other coun- 
tries. 

Since population grows in all countries, so 
does the number of interrrlediate products N,. 
Thus the aggregate flow of innovations in a 
country N,+,  grows steadily even in a steady 
state. Suppose that as the number of products 
grows, the marginal contribution of each inno- 
vation to global knowledge falls proportionally, 

'"?us a country can be stuck in a no-growth situation, 
even though there is no real advantage to backwardness of 
the sort that Boyan Jovanovic and Yaw Nyarko (1996) show 
can arise from the dynamics of learning by doing under 
different technological paradigms. 

"Club convergence is not contradicted by Evans's 
(1996) demonstration of a convergence, which is restricted 
to OECD countries, all of whoin perform a substantial 
amount of R&D. 
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reflecting the increasingly specialized nature of A steadv state fox the wwld ec~onorny is rest 
the knowledge resulting from the innovation. poirrt of this uystem. The steady-state world 
'That is, suppose that2' gro~vthmte is the solration to2' 

where the spillover coefficients nj are all non 
negative.'" 

The global spillover ecluatiorr (S) is what 
links the different countries. Substituting it into 
equations (9) and (10) for each country results 
in the 2m-dimensional system: 

2' The rnarginal contribution (a,/N,,) has been de-
Rated by the number of products in that country. rather 
than by thc number in the world. to avoid a technical 
problem common to all ~uodels  of technology transfer 
with convergence. That is, deflating by thc number in the 
world would lead to a degeneratc steady state in ba4hich 
the only country with a measurable effect on world 
technology is the one with the faste3t population guowth, 
since the fraction of world R&l) performed in that coun- 
try will approach unity in the ver:; long run. Thus the 
present model's steady state depicts a medium-long run 
in which no country's population growth has yet over- 
whelmed the rest of the world. 
"Korium (1997, especially pp. 1400-01j provides an 

alternative derivation of the relationship between R&D in-
tensity and productivity growth, which is not consistent 
with the proportional form of is). 

Equation (WG) L:; a straightforward generalizario~~ 
of the steady-state growth equation (6316)for the 
closed economy. Co~rpaison of these two equria 
tjons shows that any change in a country-specific: 
par.a.1-oetea that would havc raised the growth rate 
iin that economy if it were closeci will have a 
(possibly small) positive effect on the world 
growth rate when the economy is part of a global 
system with technology tninsfer. Specifically: 

&rWOPOSITI;BN 13: 22he xready-xtate ~tlorlcl 
g!'ol4'fl2 rrrfe g depencls positively oil eoch coun- 
lry's i n i i ~ s f ~ ~ e n i  o j  lR&Drote .:,, producli~~it?;
h,; ruzd R&D suDsie$,y rate qi. 

The giobai stability of the international sys- 
ierPr (1 [ ) - ( I ? )  is an open question. However, 
Appendix W shows that the steady state exhibits 
local. asy~nptotic stability. 

)?a special case is that in which only one 
country, the vvo~.ld technology leaaier: generates 
positive spillove~s (i:., > 0, qi - 0 for j rz 

2 ,  ... , i i r ) .  In this case, the system would he 
dichotomized. The !eader would behave as a 
closed economy, unaffected by R&D in the rest 
of the worid, with a long.-run growth rate deter 
mined by the preceding steady-state equation 
(CG),whereas all other countries would behave 
according to (9) arid (10) with g equal to the 
lcader's productivity growth rate. 

Except in this limiting case, however, even 
the leading country will be arfected by techno- 
logical discoveries iin the rest of the world, If 
o-, > 0 for some lagging countries, then an 
acceleration in their pace of' innovation would 
cause the leading-edge technology parameter 

''Equation (WG) ilriplies that increasing the number of 
countries would increase the world growth rate. This pre- 
diction, however. depends critically on the simplifying as- 
sumption discussed in footnote 21. Even if we were to relax 
this assumption, the world growth rate would not be af- 
fected by the size of world popiilation. 
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A y  to accelerate, and growth would eventu- 
ally rise even in the leading country. Under this 
scenario the rise in growth in the leading coun- 
try would lag the rise in the lagging countries. 

That is, the growth rate of a country's per 
capita income Ylt1Li,at any date is 

= akjtlkj ,+ aj,laj,+ g , .  

From this and the dynamic equations (11) and 
(121, 

(G) Gj,= a(sjk;- '  - 6 - g,) 

Thus if a group of lagging countries were to 
experience a change in the parameter vectors Oj 
that raised their R&D intensities iTj, their 
growth rates would immediately rise. But since 
those parameters do not enter directly into the 
leader's growth equation [equation (G) for j = 
I],  the leader would not experience a rise in 
growth until the acceleration in global techno- 
logical growth had reduced its relative produc- 
tivity level a,,, at which point it too would 
begin to grow faster as a result of technology 
transfer. 

VIP. Interpreting Evidence on Income 

Differences 


A. Cross-Country Regressions 

Rewriting equation (K) in logs and using the 
fact that Y , I L d Y  = a,kF, we arsive at the 
familiar steady-state equation: 

+ In A$a" + In d ( s ,  (9, g) ,  

where d is the steady-state value of the coun- 
try's relative productivity as characterized ear- 
lier by Proposition l .  Suppose we allow for 

physical and human capital to be accumulated 
according to separate investment rates s, and 
s,~,and generalize the production function (3) to 
make it Cobb-Douglas with constant returns in 
human and physical capital. Then going through 
exactly the same argument as previously we 
arrive at the analogous steady-state equation: 

t In A? + In a"(s,, s,, 8,  g)  

where a and p are respectively the coefficients 
of the two kinds of capital. This is the equation 
estimated by Mankiw et al. <1992),who, how- 
ever, do not include the relative productivities 
d ,  but assume instead that these are uncorse- 
lated with the other regressors in the equation. 

Under this identifying assumption Mankiw et 
al. show that the equation accounts for over 
three-quarters of the variation in per capita in- 
come in their sample of 98 countries, with es- 
timated coefficients a and that sum to about 
0.7. Since the only explanatory variables in this 
equation are proxies for steady-state per capita 
capital stocks, they conclude: that capital accu- 
mulation alone is sufficient to account for most 
of the variation in per capita income across 
countries, that the neoclassical growth model 
with exogenous technological progress is 
thereby vindicated, and that the AK version 
of endogenous growth, according to which a + 
p = I ,  is thereby rejected. 

The fact that the same equation can be 
derived from the present Schumpeterian en- 
dogenous growth framework implies that its 
empirical success does not refute endogenous 
growth theory in general. Moreover, the 
present analysis suggests that the identifying 
assunlption to the effect that productivity is 
uncorrelated with steady-state per capita cap- 
ital stocks is wrong, and that therefore the 
results of Mankiw et al. (1992) need to be 
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~ e e x a m i n e d . ~ ~Specifically, countries with 
higher steady-state per capita capital stocks will 
have higher R&D intensities, through the mech- 
anism discussed earlier in connection with 
Proposition 1. This yields a presumption that 
R&D intensities will be positively correlated 
with steady-state capital intensities. If so, then 
according to (A) the error term in the equation 
that omits productivity differences will be pos- 
itively correlated with the included explanatory 
variables, leading to upward-biased coefficients 
on net investment and hence an upward-biased 
measure of the contribution of capital to eco- 
nomic Some of the explanatory 
power that this equation attributes to differences 
in equilibrium capitalllabor ratios should in- 
stead have been attributed to differences in pro-
ductivity levels. 

Some idea of the size of the resulting bias 
could be inferred by adding the investment 
rate in R&D to the Mankiw-Romer-Weil re-
gression. Taking a loglinear approximation of 
(A), and recalling that by definition ?z is the 
level of R&D per intermediate product, nor- 
malized by the leading-edge technology A:""", 
we have 

In a -- constant -I- i< in n 

= constant + K ( l n / y )  

24 The identifying assumption has also been chal-
lenged by such writers as Nazrul lslam (1995) and I-fall 
and Jones (1999). Others have challenged thc Mankiw- 
Romer-Wcil results on the grounds that growth and in- 
vestment ratcs arc simultaneously dctcrmincd and that 
alternative Ineasurcs of human capital produce different 
results. Sce, for example, Pcter J. Klenow and AndrCs 
Rodriguez-Clare (1997) or Elias Dinopouios and Peter 
Thompson (1999). For a rcccnt survey of the issues 
involved with the Mankiw-Rornc1.-Weil results, sce 
McGrattan and James A. Schmitz, Jr. (1998). 

2 5 G r o ~ ~ l n a nand Belpman (1994) obserce that invcst- 
inent ratcs are positively corrclatcd with productivity 
growth rates, which biascs thc estimated capital coefficients 
in thc same direction. 

Substituting (I,) into this equation, and substi- 
tuting the result into the steady-state equation 
(13) yields 

This is alrnost identical to the regression run by 
frank R. Lichtenberg (1993) on the same sample 
of countries, for the same period, as Mankiw et al. 
(1 992). Lichtenberg reports that inclusion of the 
R&D variable reduces the esiiniated sum of capitai 
coefficienh a i-/3 by between 0.02 and 0.1 .26 

R .  Converge?zceRates 

Bn neoclassical growth theory with only one 
kind of capital, the rate of convergence is: 

If our model implied the same formula, then my 
argument to the effect that a is lower than 
implied by r~eoclassical theory would also ivn-
ply that the rate of convergence was corre-
spondingly higher. Since the neoclassical 
estimate of a = 0.7 is consistcn~t with the 

2b Lichtenberg's cquaiion contains the same variables 
except for ,g,. which is not included as a separate regressor. 
Fie linds, using live alternative definitions of R&D, that 
inclusion of an RBD variable reduces the estinlated value of 
a 7- /3 by an aniounr that varies froin 0.01'7 to 0.090 (see his 
Tablc 3). l i e  also repol-ts two dynamic regressions (with the 
196C income l e ~ e l  included as an additional regressor), in 
which lhe inclusion of the R&D variable reduces a + j3 by 
0.095 and 0.097 (his Table 4). 
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evidence of a convergence rate around 0.02,this 
would imply that my model overpredicted the 
rate of convergence. 

In truth, the model predicts that, given a ,  the 
rate of convergence should be strictly less than 
predicted by neoclassical theory. 1 measure the 
rate of convergence in my two-dimensional sys- 
tem by the absolute value of the dominant root 
of the linearized As shown in Appen- 
dix A, the system has two real roots p, and p,, 
with 

Thus the absolute value 1p,1 of the dominant 
root, which is associated with the turnpike vec- 
tor DD in Figure 2, is smaller than the conver- 
gence rate of the coi-sesponding neoclassical 
model. The intuitive reason why convergence is 
slower than in the neoclassical model is that as 
the economy approaches its steady state from 
below, the diminishing marginal productivity of 
capital, which slows down the investment rate 
as in neoclassical theory, will tend to be offset 
by the simultaneous rise in the country's rela- 
tive productivity. 

To explore by how much the rate of conver- 
gence is affected by the endogeneity of relative 
productivity, I calibrate the model, using the 
following values: 

long-run growth rate of output per person: g 0.02 
rate of depreciation: 6 0.03 
rate of population growth: g, 0.015 
steady-state rate of creative destruction: An 0.036 

The first three values are chosen to represent the 
U.S. economy over the 1960-1905 period, the 
sample period of Mankiw, Romer, and Weil. 

27 This is the procedure iniplicit in neoclassical theory, in 
which the dynamics can be represented as the limiting case 
of a system: 

k,= ~ k p- [S t g, + A(n;'  -- l ) ] k ,  

uz= A(1 - a t ) -- u,g 

in which the speed of automatic technology transfer h > 0 
is arbitrarily large. The dominant root of the linearized 
version of this system is minus the neoclassical convzrgcnce 
rate (14), the other root being arbitrarily large. 

The rate of creative destruction is chasen from 
the evidence of Ricardo J. Caballero and Adam 
B. Jaffe (1993), who estlmate that the avenkge 
U.S. company that does not rnnovate loses value 
at a 3.6-percent annual rate 

As explaned in Appenciix A, the rate of 
convergence can be calculated from these val- 
ues, the capital coefficient t x ,  and the elasticity 
of the equilibrium R&D function n" with respect 
to k. 'This elasticity depends on the R&D sub- 
sidy @ and the number of workers per produce C. 
In addltlon, it would be affected by any subsi- 
dies to (or taxes on) capital accumulation, a 
factor that 1 omit for sin~plicity. The elast~city 
would also be affected by specifying a realistic 
degree of decreasing returns to the R&D pro 
duction function." Rather than calibrate prob- 
lematlcal parameters or introduce extra 
complications I note that the elasticity of I? must 
be at least as great as the elasticity of the pi? 
function with respect to k ,  namely a.2"urther- 
more, as shown in Appendix A, the absolute 
size I p z I  of the dominant root is decreasing with 
respect to the elasticity of n. 

Accordingly, Figure 4 plots the convergence 
rate of the neoclassical niodel (14) and of the 
Schumpeterian model ( / p ,2 / ) ,for different values 
of a ,  under the assumption that the elasticity of 
A equals its lower bound a. The difference 
between the two curves would be even larger 
for any other value of this elasticity. 

Figure 4 shows by how much the conver- 
gence rate falls below that predicted by the 
neoclassical model, for any given capital coef- 
ficient a. Equivalently, it shows by how much 
the estimated capital coefficient falls below that 
estimated by the neoclassical model given any 
convergence rate. The sizz of the difference 

"That is, f assume an elasticity of innovations with 
respect to R&D equal to unity, whereas Kortu~n (1993) 
estimates values of this elasticity between 0.1 and 0.6 at the 
industry level. 
"From ( 5 )  and (7j: 

* ( k .  0) = + ( k ) e - ( ~ f '  ( k ) - 6 
' 1 - 9  A 

Since af - 6 = r > 0 and f" < 0 ,  it follows from this 
and (6) that: 

k a n  kcl-n-
-- >-- .==a 
ri 3 k -  6 i)k ' 
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Capital coefficient 

Neoclassical ------ S C h ~ m ~ e f e r i a n  

decreases as a increases. When the rate of con- 
vergence is at its commonly estimated value of 
0.02, the neoclassical model would imply a = 
0.7, whereas the Schumpeterian model would 
imply at most a = 0.6. These findings are 
roughly consistent with the bias of up to 0.1 
implied by Lichtenberg's (1993) cross-country 
regression. 

Thus the interpretation that the Schumpet- 
erian model places on evidence coming from 
cross-country regressions is compatible with the 
interpretation it places on estimated rates of 
convergence. In both cases the model implies a 
lower coefficient of capital in the aggregate 
production function than does the neoclassical 
model. This finding illustrates a sharp distinc- 
tion between the Schumpeterian version of en- 
dogenous growth theory and the AK version. 
Neoclassical theorists correctly interpret a find- 
ing of a < 1 as evidence against AK theory, and 
in favor of neoclassical theory. But, as we have 
just shown, a small value of a is actually more 
supportive of Schumpeterian theory than of 
neoclassical theory. 

VIII. Concllnsion~ 

In summary, a simple open-economy extension 
of the Schumpeterian endogenous growth model 
with technology transfer is capable of accounting 
for the cross-country evidence that has been ad- 

model implies that countries with positive R&D 
levels will converge to parallel growth paths, with 
the same positive growth rate, while other coun- 
tries will stagnate. The common long-run growth 
rate among growing economies depends on the 
same parameters that would have influenced 
growth according to the closed-economy Schum- 
peterian model. In particular, it will be raised by 
an increase in the investment rate or the R&D- 
subsidy rate in any R&D-producing country, al- 
though the effect of a single country's parameters 
may be veny small. 

The model also implies that these parameter 
changes will affect a cour~try's relative level of 
income per person in the long mn, and in the same 
direction as they influence world growth. It pre- 
dicts exactly the same equation that Mankiw et al. 
(1992) argue explains over three-quarters of the 
cross-country variation in income per person. 
However, it implies that their procedure for esti- 
mating the contribution of differences in equilib- 
rium capitaltlabor ratios is likely to be biased 
upward because of the omission of productivity 
levels from their equation. It also shows that using 
the neoclassical model to calculate the capital co- 
efficient from estimated convergence rates yields 
an upward-biased estimate. 

Countries differ in per capita income not only 
because of differences in capital stocks but also 
because of differences in productivity. The 
Schumpeterian model is broadly consistent with 
existing cross-country evidence and also ac-
counts for the cross-country differences in pro- 
ductivity levels that recent research has shown 
to be quite large. Because of this, and because it 
offers an explanation of the steady-state world 
growth rate, Schumpeterian growth theory of- 
fers a more satisfactory framework than the 
neoclassical approach, which makes no attempt 
to explain productivity differences or steady 
state growth rates. 

This Appendix derives the roots of the local 
approximation to (9) and (10) of Section 111. 
Linearizing around the steady state (6, L) yields 

a - i i[ i ]=~[k - L ]  

duced by detractors of endogenous growth. 'The with Jacobian matrix: 
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- A N  - g ~ ( a ~ i a k ) ( ia )-
= [ Aiik/02 ark'  ' - 6 - g, - g - A(8ii/dk)(u-' - 1)k 1 

which can be rewritten, using the steady state APPENDIXB 
equations (A) and (K), as: 

This Appendix shows that the system com- 
-20 Z I posed of equations (11) and (12) for all j is 

locally stable. The Jacobian of its linear approx- = [ 8ro  
imation can be partitioned into four square ma- 

where: trices: 

zo = A N  + g > 0, A B 
z l  = A(aiilak)(l - a )  > 0, M = [ C  .]. 
z2 = (1 - a ) ( 8  + gLt g) > 0, and 
19 = kla. The sleady-state conditions (A) and (K) for each 

country and the spillover equation (S) can be 
Note that, by (A): used to express these matrices as: 

where q is the elasticity (klN)(dn"lak). Thus the 
roots of M are: 

1 p ,  = (,)(tr - ,jtr2 - 4 det) ---diag(zlj) - v u', 
and 

C = diag(Ajnj kjla7) = diag(~Y,z,,), and 

p2= (i)(tr + j1tr2 - 4 det), 
D = --diag((1 - a ) ( 8  + gLj+ g)) 

where the values of: 

= --diag(zzj) - diag(IYjzIj);
are determined according to (Al) by a ,  g ,  6, 
g,, AN, and 7. It follows from the sign restric- where: 
tions in (Al) that p, and p2 are both real and 
that p1< p2 < 0. 

If 7 were zero then (A2) would solve for [ 1,1=p1 = -~nax{z,,, z 2 }  and p2 = -min{zo, z2}, v and 
which would imply that pl 5 -z2 5 p2.Since 
p, is decreasing and p2 is increasing with re- 
spect to 77, holding constant a ,  g, 6,g=, and 
An, and since q must be strictly positive (see 
footnote 29), therefore: p1 < -I, < F, < 0. 
Since z2 is the neoclassical speed of conver-
gence (14) this establishes the inequalities ( 1  5) 
in the text. 
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and where z,,, zl,, zzJ, and .19, are country- 
specific versions of the variables defined in 
(Al). 

We  want to show that the characteristic 
roots of M all have negative real parts. These 
roots are the solutions to the characteristic 
equation: 

To this end, consider any such root p .  If p is 
also a characteristic root of the matrix A or the 
matrix D, then it is real and negative, since A 
and Id are negative diagonal matrices. 

So suppose p is not a root of A or D. Then by 
the rules of partitioned determinants (F. R. 
Gantmacher, 1959, pp. 45-6) we can write the 
characteristic function P as: 

- C(A - pI)-'BI 

Hence: 

Since A and C are diagonal: 

Expanding the product CB and gathering terms 
yields: 

where: 

both of whose roots we have seen (in Appendix 
A) are real and negative. By expanding the 
determinant in (B 1) we arrive at: 

If p is a root of one of the QJ3s, then, as we have 
seen, it must be real and negative. So suppose it is 
not a root of any Q,. Then, from (B2): 

We need only show that all the roots of (B3) 
have negative real parts. 

Since each QJ(p) has a positive quadratic 
coeificient and both roots of each Q, are real 
and negative, therefore: 

Since each ij,u, is positive, (B4) implies that if 
p is a real root of (B3) it must be negative. So 
we need only show that the real past of any 
complex root of (B3) is negative. 

Let p = [ 5 +wi be a complex root of (B3). 
Since its complex conjugate is also a root, 
assume with no loss of generality that w > 0. 
For each j let Qj(p) = T~ + xji and l /Qj(p)  = 

pj + ~ ~ i ,  plj  and pzj be theand let two 
(negative) roots of QI. Then: 

and each el(.) is the characteristic function of 

the country-specific matrix: for all j = I ,  ... , nz. 
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Also, since each Q;(p) = (pl; .- pCL)(pZJ-
p ) ,  therefore: 

for all j = 1, ... , m. 

It follows that the real part 5 of p must be 
negative or else the imaginary part 5;ujej = 
5;ujw(p1; + pq - 2<)/(752 + X;) of each 
expression 5,ujlQj(p) would be negative, so 
that p would not solve (B3). 
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